In this paper, after nearly 150 years of waiting, the Navier-Stokes equations in 3-D for incompressible fluid flow have been analytically solved. In fact, it is shown that these equations can be solved in 4-dimensions or n-dimensions. The author has proposed and applied a new law, the law of definite ratio for fluid flow. This law states that in incompressible fluid flow, the other terms of the fluid flow equation divide the gravity term in a definite ratio and each term utilizes gravity to function. The sum of the terms of the ratio is always unity. This law evolved from the author's earlier solutions of the Navier-Stokes equations. By applying the above law, the hitherto unsolved magnetohydrodynamic equations were routinely solved. It is also shown that without gravity forces on earth, there will be no incompressible fluid flow on earth as is known (see p.23, p.13). The difficulty in solving the Navier-Stokes equations has been due to finding a logical way to split the equations. By using the most fundamental principle for dividing a quantity into parts, using ratios, all hidden flaws in splitting the equations have been eliminated. The resulting sub-equations were readily integrable, and even, the nonlinear sub-equations were readily integrated. The preliminaries reveal how the ratio technique evolved as well as possible applications of the solution method in mathematics, science, engineering, business, economics, finance, investment and personnel management decisions. The coverage is as follows. The x−direction Navier-Stokes
was integrated by first splitting-up the equation, using ratio, into sub-equations. The integration results were combined. Four equations were integrated. The relations obtained using these terms as subjects of the equations were checked in the corresponding equations. Only the equation with the gravity term as subject of the equation satisfied its corresponding equation, and this only satisfaction led to the law of definite ratio for fluid flow, stated above. This equation which satisfied its corresponding equation will be defined as the driver equation; and each of the other equations which did not satisfy its corresponding equation will be called a supporter equation. A supporter equation does not satisfy its corresponding equation completely but provides useful information about the driver equation which is not apparent in the solution of the driver equation. The solutions revealed the role of each term of the Navier-Stokes equations in fluid flow. Most importantly, the gravity term is the indispensable term in fluid flow, and it is involved in the parabolic as well as the forward motion of fluids. The pressure gradient term is also involved in the parabolic motion of fluids. The viscosity terms are involved in parabolic, periodic and decreasingly exponential motion of fluids. As the viscosity increases, the periodicity increases. The variable acceleration term is also involved in the periodic and decreasingly exponential motion of fluids. The convective acceleration term with x as the independent variable produces square root function behavior. The other convective acceleration terms produce fractional expressions containing square root functions. For a spin-off, the smooth solutions from above are specialized and extended to satisfy the requirements of the CMI Millennium Prize Problems, and thus prove the existence of smooth solutions of the Navier-Stokes equations. Equation ( N x ) will be the first equation to be solved; and based on its solution, one will be able to write down the solutions for the other two equations, ( N y ), and ( N z ).
Solutions of the Navier-Stokes Equations

Options
Dimensional Consistency
The Navier-Stokes equations are dimensionally consistent as shown below: 
Option 1 Solution of the Linearized Navier-Stokes Equation in the x-direction
The equation will be linearized by redefinition. The nine-term equation will be reduced to six terms. Plan: One will split-up equation (C) into five equations, solve them, and combine the solutions. On splitting-up the equations and proceeding to solve them, the non linear terms could be redefined and made linear. This linearization is possible if the gravitational force term is the subject of the equation as in equation (B) . After converting the non-linear terms to linear terms by redefinition, one will have only six terms as in equation (C) . One will show logically how equation (C) was obtained from equation (B), using a method which will be called the multiplier method. Three main steps are covered.
Given
In main Step 1, one shows how equation (C) was obtained from equation (B) In main
Step 2, equation (C) will be split-up into five equations. In main
Step 3, each equation will be solved. In main
Step 4, the solutions from the five equations will be combined. In main
Step 5, the combined relation will be checked in equation (C) . for identity.
Preliminaries
Here, one covers examples to illustrate the mathematical validity of how one splits-up equation (C).
Let one think like a child -Albert Einstein. Actually, one can think like an eighth or a ninth grader. Suppose one performs the following operations: 9 1 + = = ) One can conclude that the sum of the multipliers is always 1.
More formally:
Let 9 can be viewed as the fraction of the multiplicand, 45 . Later, one will learn that the multipliers are ratio terms as in Examples 5, 6 and 7, below.
Example 4 Solve ax bx c
2 0 + + = by completing the square and incorporating the multiplier method.
Step 1: From ax bx c 
One's interest is in equations (1), (2) and (3).
Step 2 Marilyn's share of $45,000 = × = 2 $45,000 $ 9 10 000 , Check; Sum of shares = $45,000 Sum of the fractions = 1
Example 6: Sir Isaac Newton left ρg x units in his will to be divided between + + + =1 (dividing both sides by P) The objective of presenting examples 1, 2, 3, 4, 5, 6, and 7 was to convince the reader that the principles to be used in splitting the Navier-Stokes equations are valid. In Examples 3 and 4, one could have used the quadratic formula directly to solve for x , without finding a and b first. The objective was to convince the reader that the introduction of a and b did not change the solution sets of the original equations.
For the rest of the coverage in this paper, a multiplier is the same as a ratio term The multiplier method is the same as the ratio method.
Main Step 1 Linearization of the Non-Linear Terms
Step 1: The main principle is to multiply the right side of the equation by the ratio terms This step is critical to the removal of the non-linearity of the equation. 
all acceleration terms (1)
Apply the principles involved in the ratio method covered in the preliminaries, to the nonlinear terms (the last three terms.)
where n is the ratio term corresponding to
(One drops the partials symbol, since a single independent variable is involved)
Step 2: 
Step 3:
where h is the ratio term corresponding to
= (One drops the partials symbol, since a single independent variable is involved)
Linearization of Non-Linear terms From equations (4), (7), (10)
Thus, the ratio of the linear term
equation (1) (1). However, the author did not do that, but logically, the terms became linearized. Note also that the above linearization is possible only if ρg x is the subject of the equation, and it will later be learned that a solution to the logically linearized Navier-Stokes equation is obtained only if ρg x is the subject of the equation.
Step 4: Substitute the right side of equation (11) for the nonlinear terms on the left-side of
all acceleration terms 
all acceleration terms 1 2 44 4 3 444
Now, instead of solving equation (1), previous page, one will solve the following equation
Main Step 2
Step 5: In equation (14) divide g x by the terms on the left side in the ratio a b c d f : : : : . As proportions: (14) above Solutions of the five sub-equations
Main Step 3
Step 6: Solve the differential equations in Step 5. 
Solutions of the five sub-equations
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Main Step 4
Step 7: One combines the above solutions 
Main
Step 5
Checking in equation (C)
Step 8: Find the derivatives, using
Step 9: Substitute the derivatives from Step 8 in
to check for identity (to determine if the relation obtained satisfies the original equation). 
An identity is obtained and therefore, the solution of equation (C), p.96, is given by 
For V y h j m n q ( , , , .
This relation gives an identity when checked in Equation (C) above. One observes above that the most important insight of the above solution is the indispensability of the gravity term in incompressible fluid flow. Observe that if gravity, g, were zero, the first three terms, the seventh term, and P x ( ) would all be zero be. This result can be stated emphatically that without gravity forces on earth, there will be no incompressible fluid flow on earth as is known. The above result will be the same when one covers the general case, Option 4. The above parabolic solution is also encouraging. It reminds one of the parabolic curve obtained when a stone is projected vertically upwards at an acute angle to the horizontal.. The author also tried the following possible approaches: (D), (E) and (F), but none of the possible solutions completely satisfied the corresponding original equations (D), (E) or (F) .
Integration Results Summary ; + + + + ) .
The comparative analysis of the possible solutions when checked in each corresponding equation is presented in the table below.
Equation Equation Subject
Number of terms of possible solutions not satisfying original equation 
At least 2 terms
At least 2 terms Outcome 1: With g x included and with g x as the subject of the equation. The solution is straightforward and the possible solution checks well in the original equation (C) Also, if g x or ρg x is not the subject of the equation, the linearization of the nonlinear terms could not be justified.
Outcome 2:
With g x included but with ∂ ∂ V t x as the subject of the equation.
There are two problems when checking . 
Characteristic curves of the integration results
Equations
Equation
Subject
Curve characteristics
g x Parabolic and Inverted
Periodic and decreasingly exponential
Periodic, parabolic, and exponential The following are possible interpretations of the roles of the terms based on the types of curves produced when using the terms as subjects of the equations. 3. g x is responsible for the forward motion. 
Definitions and Classification of Equations
− − − + + = K V x K V y K V z p x V t g x x x x x ∂ ∂ ∂ ∂ ∂ ∂ ρ ∂ ∂ ∂ ∂
Equation Equation Subject
Type of equation # of terms of relation not satisfying original equation
One term One can apply the above definitions in solving the magnetohydrodynamic equations. 
Option 2 Solutions of 4-D Navier-Stokes Equations (linearized)
One advantage of the pairing approach is that the above solution can easily be extended to any number of dimensions.
If one adds µ ∂ ∂ ( ) .
For n−dimensions one can repeat the above as many times as one wishes.
Back to Options
Solutions of the Euler Equations
Option 3 Solutions of the Euler Equations of Fluid flow
In the Navier-Stokes equation, if µ = 0, one obtains the Euler equation. From + + + + =1 The impediment to solving the Euler equations has been due to how to obtain sub-equations from the six-term equation. The above solution was made possible after pairing the terms of the equation using ratios (by way of multipliers). The author was encouraged by Lagrange's use of ratios and proportion in solving differential equations. One advantage of the pairing approach is that the above solution can easily be extended to any number of dimensions. For V x : 
Extra
∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ p x V t V V x V V y V V z g x x x y x z x x + + + + = ) V x y z t fg t hg x ng y V qg z V y V y V y z V z V z P x d g x V x x z y z x x y x x V ( ,, , ) ( ) ( ) ( )For V y , ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ p y t V x V y V V z g V∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ ∂ ∂ ρ p z t V x V y V z g V z x V z y V z z V z z + + + + = V x y z t g t g z g x V g y V V V V V P z g z V z x x y z x z y x x y y y z z z V ( , , ,) ( ) ( ) ( )
z-direction
Note:
By comparison with Navier-Stokes equation and its relation, a relation to Euler equation can be found by deleting the Navier-Stokes relation resulting from the µ -terms.
Option 4 Solutions of the Navier-Stokes Equations (Original)
As it was in Option 1 for solving these equations,the first step here is to split-up the equation into eight sub-equations using the ratio method. One will solve only the driver equation, based on the experience gained in solving the linearized equation. There are 8 supporter equations.
nonlinear terms 6 7 4444 4 8 44444
Step 1: Apply the ratio method to equation (B) to obtain the following equations: ; 3. ; 4. ;
where a b c d f h n q , , , , , , , are the ratio terms and a b c d f h n q + + + + + + + = 1 Step 2: Solve the differential equations in Step 1. Note that after splitting the equations, the equations can be solved using techniques of ordinary differential equations.
One can view each of the ratio terms a b c d f h n q
, , , , , , , as a fraction (a real number) of g x contributed by each expression on the left-hand side of equation (B) above. 
Solutions of the eight sub-equations
Step 3: One combines the above solutions Step 4: Find the test derivatives
Test derivatives for the linear part
Test derivatives for the non-linear part
Step 5: Substitute the derivatives from Step 4 in equation (A) for the checking.
? 
Step 6: The linear part of the relation satisfies the linear part of the equation; and the non-linear part of the relation satisfies the non-linear part of the equation.(B) below is the solution.
Analogy for the Identity Checking Method:
If one goes shopping with American dollars and Japanese yens (without any currency conversion) and after shopping, if one wants to check the cost of the items purchased, one would check the cost of the items purchased with dollars against the receipts for the dollars; and one would also check the cost of the items purchased with yens against the receipts for the yens purchase. However, if one converts one currency to the other, one would only have to check the receipts for only a single currency, dollars or yens. This conversion case is similar to the linearized equations, where there was no partitioning in identity checking.
Solutions of the Navier-Stokes Equations ( 
whose solution is given by 
one obtains 
Back to Options
Conclusion
Since one began solving the Navier-Stokes equations by thinking like an eighth grader, and one was able to find a ratio technique for splitting the equations and solving them, perhaps, it is appropriate, after a few months of aging, to think like a ninth grader in the conclusion. One will reverse the coverage approach and begin from the general case and end with the special cases.
Solutions of the Navier--Stokes equations (general case)
x−direction Navier-Stokes Equation (also driver equation) One observes above that the most important insight of the above solution is the indispensability of the gravity term in incompressible fluid flow. Observe that if gravity, g, were zero, the first three terms, the 7th term, the 8th term, the 9th term, the 10th term and P x ( ) would all be zero. This result can be stated emphatically that without gravity forces on earth, there will be no incompressible fluid flow on earth as is known. The above is a very important new insight, because in posing problems on incompressible fluid flow, it is sometimes suggested that the gravity term is zero. Such a suggestion would guarantee a no solution to the problem, according to the above solution of the Navier-Stokes equation. The author proposed and applied a new law, the law of definite ratio for incompressible fluid flow. This law states that in incompressible fluid flow, the other terms of the fluid flow equation divide the gravity term in a definite ratio and also each term utilizes gravity to function. This law was applied in splitting-up the Navier-Stokes equations. The resulting sub-equations were readily integrable, and even the nonlinear sub-equations were readily integrated. The x−direction Navier-Stokes equation was split-up into sub-equations using ratios. .
Explicit Functions for V x , V y , and V z , For explicit functions for V x , V y , and V z , one has to solve (algebraically) the simultaneous system of solutions for V x , V y , and V z . 
System of Navier Stokes relations to solve for simultaneously
Special Cases of the Navier-Stokes Equations
Linearized Navier--Stokes equations
One may note that there are six linear terms and three nonlinear terms in the Navier-Stokes equation. The linearized case was covered before the general case, and the experience gained in the linearized case guided one to solve the general case efficiently. In particular, the gravity term must be the subject of the equation for a solution. When the gravity term was the subject of the equation V x x are involved in the periodic motion of fluids, and one may infer that as µ increases, the periodicity increases. One should determine experimentally, if the ratio of the linear term ∂ ∂ V t x to the nonlinear sum Solution to linearized Navier Stokes equation 6 7 4444444444 8 4444444444
Linearized Equation
6 7 444444444 8 444444444
Solutions of the Euler equation
Since one has solved the Navier-Stokes equation, one has also solved the Euler equation. 
Overall Conclusion
The author was encouraged by Lagrange's use of ratios and proportions in solving differential equations. However the use of ratios in this paper is much more direct. One very interesting fact is that after using ratios to split the equation with the gravity term as the subject of the equation, the integration was straightforward. The author believes that if the ratio or proportion method of splitting the equations could not yield the solution, no other method can even come close, since use of ratios is the most fundamental principle in the division of any quantity into parts. Finally, in fluid flow, the indispensable term or factor is gravity, according to the above solutions. For any fluid flow design, one should always maximize the role of gravity for cost-effectiveness, durability, and dependability. Perhaps, Newton's law for fluid flow should read "Sum of everything else equals ρg " ; and this would imply the proposed new law that the other terms divide the gravity term in a definite ratio, and also that each term utilizes gravity force to function in fluid flow.
Determining the ratio terms
In applications, the ratio terms a b c d f h n q , , , , , , , and others may perhaps be determined using information such as initial and boundary conditions or may have to be determined experimentally. The author came to the experimental determination conclusion after referring to Example 5, page 6.. The question is how did the grandmother determine the terms of the ratio for her grandchildren? Note that so far as the general solutions of the N-S equations are concerned one needs not find the specific values of the ratio terms. 
Required: To find P x t ( , ) (that is, find a formula for P in terms of x and t) dp dt dp dx dx dt = dp dt dp dx 
Since previously, from p.113, it has been shown that the smooth equations given by
are solutions of
(deleting the x y − − and terms of (A)), p.112, one has shown that smooth solutions to the above differential equation exist, and the proof is complete. Finding P x t ( , ):
; dp dt dp dx dx dt = dp dt dp dx Navier Stokes Lorentz force 
. magnetic diffusivity) Lorentz force Step 2: After the "vector juggling" one obtains the following system of equations which one will solve.
1 0 
At a glance, and from the experience gained in solving the Navier-Stokes equations, one can identify equation (2) as the driver equation, since it contains the gravity term, and the gravity term is the subject of the equation. However, since the system of equations is to be solved simultaneously and there is only a single "driver", the gravity term, all the terms in the system of equations will be placed in the driver equation, Equation 2. As suggested by Albert Einstein, Friedrich Nietzsche, and Pablo Picasso, one will think like a child at the next step.
Step 3: Thinking like a ninth grader, one will apply the following axiom:
If (Since all the terms are now in the same driver equation, let ρg x "drive them" simultaneously.)
Step 5: Solve the above 28-term equation using the ratio method. (27 ratio terms) The ratio terms to be used are respectively the following: (Sum of the ratio terms = 1) β β β ω ω ω ω ω ω λ λ λ λ λ λ λ λ λ 1 2  3  1  2  3 4 5  6 1 2 3  4  5  6 7  8  9  ,  ,  , . 
